
A variational inequality 

approach for lower bound 

limit analysis 

Li Chunguang, Zheng Hong 

Wuhan Institute of rock & soil mechanics 

2016.12 

 



Outline of topics 

1. Introduction 

2. lower bound limit analysis 

3. Variational Inequality Formulation 

4. projection on Mohr–Coulomb cone 

5. Examples 
 

 



1. Introduction 

Deformation problem and Stability problem 



1. Introduction 

limit equilibrium method 

Continuum deformation analysis 

Limit analysis 
 

 



1. Introduction 

Limit analysis 

 

 

Lower Limit analysis 

True solution 

Upper Limit analysis 



2. Lower limit analysis 

Lower limit analysis 
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2. Lower limit analysis 

Lower limit analysis 
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2. Lower limit analysis 

Lower limit analysis 
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2. Lower limit analysis 
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2. Lower limit analysis 
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2. Lower limit analysis 
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3. Variational Inequality Formulation 

Lower limit analysis 

 

 

,  

, 

    














v   vbAvvwT ,:min

Lagrangian 

Function 
)(),( bAvvwvL TT  

),(minmax 


vL
vRn 

Saddle Point Problem 

Optimization Problem 



3. Variational Inequality Formulation 

 

 

,  

, 

    

Lagrange Function )(),( bAvvwvL TT  

),(minmax 


vL
vRn 

a saddle point (v∗,λ∗)  

),(),(),(    vLvLvL

  0
),(












vv

T

v

vL
vv

  0
),(












vv

T

v

vL 




3. Variational Inequality Formulation 
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3. Variational Inequality Formulation 

 

 

 linear variational inequality 
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3. Variational Inequality Formulation 
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 B. S. He 



4. projection on Mohr–Coulomb cone 

,  

    

 normal cone of the Mohr-Coulomb cone at the apex 
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4. projection on Mohr–Coulomb cone 
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 How to solve pc? 
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4. projection on Mohr–Coulomb cone 

,  

 Mohr-Couloumb cone is an elliptical cone  



4. projection on Mohr–Coulomb cone 
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 Given (x0,y0,z0),find (x,y,z) on the surface 
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5. Examples 
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 uniaxial pressure 

   c=10000;φ=30° 

   p=10000 

1

1.5

2

2.5

3

3.5

4

1

1.5

2

2.5

3

3.5

4

0 5 10 15 20 25 30 35

o
v
e

r 
lo

a
d

 f
a

c
to

r 

number of sides in linearized polygon 

PC Method

Theory resolution

Sloan's Method



5. Examples 
    

 Slope 

                                                                                      φ = 19.6°  

                                                                                      c = 3 kPa 

                                                                                      γ = 20 kN/m3 
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Thank you 
all so 

much for 
your 

attention! 

Does 
anyone 
have a 

question 
or 

comment? 


