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Definition
of
entrance block



Definition of contact

(ANB)c (0ANJB) = 0



0A

Contact condition

0B
ANB codA

ANB c 0B



E(a;, by)=b;+(a5-a1)=2,

E(ay, by)= b,+(a5-a5)=a,




Contact Condition

ANB

ANB c oA
ANB codB



Definition of penetration

int(A NB) # @



ANB # @



ANB + @



Definition of entrance

ANB = @

—

int(A NB) = @

or
(ANB)c (0ANJB) + @



Definition of separation

ANB =0



Empty Intersection

ANB =0




Geometric definition Of
Entrance block

E(A,B) =
lag+x| (A +x)NB #z0}



E(A,B) =
(x + ay)
U(A +x)nB # @



Algebraic Definition of
Entrance block

E(A,B) =B — A + a,



E(A B) = U (b—a+ ap)
acA beEB

E(A,B) = U E(a, b)
acA beEB



(A+x)NB 20 <

da €A,

b—a

1b € B,

a0=x

b=a+x &<

a, &

U(A +x)nNB # ®(x + o)
_ U (b—a+ay)
acA,beB



E(A,B) =B —A+ ag
Va=>b
acAi
beRB

E(a,b) =b—a+ ay = a,.



Minkowski sum (1910)

A+ B = U (a + b)
acA,beB



Define

—-B=U bEB(_b)

A—B=A+ (—B)



A+ B = U (a + b)
acA,beB

A—B = U (a—b)
acA beEB



Entrance Point







Examples
of
Entrance Block



A=a0
E(A,B)
=B —A+ ag
=B —ag+ ag
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2D Convex Entrance Block

= e e e e e o e e e e



A = {‘x— ao‘ < 7"1},

B = {lx — by| < 13},

C={lx—byl <r +1r,}.






VaeAbeB,E(ab)=b—a+ a,,
|[E(a,b) — by| = |(b— by) — (a—ay)|
< |b—b0|+|a—a0| ST'2+7"1
= E(A4,B) c C.

lc — by| < (ry +12),
da€ A bEB,
c—by=b—by,—(a—a;) =
E(A,B) DE(a,b)=b—a+ay,=c
= E(A4,B) o C.






Study
of
Entrance Block



Entrance block and parallel
movement

E(A + x,B)
=B—-—(A+x)+ (ay + x)
=B — A+ a,

= E(A4,B),

E(A+x,B) = E(4,B)






Entrance block and separation

ANBF=0Q0 <
a, € E(A,B)




________

¢ E(4,B)
s

dy




Entrance block and entrance

ANB #+# 0 <
a, € E(A,B)




Entrance block and union

A=A, UA, =
E(A{,B)UE(A,,B) = E(A,B)
B=B, UB, =

E(A,B;)UE(AB,) = E(A,B)






Entrance block of concave bIock




[N/
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AVA

E(A,B)



Entrance block and including

A Cc A=
E(A,,B) c E(A,B)
B, cB=>=
E(A,B,) c E(A,B).









Entrance block and symmetry

a, = (0,0,0)
b, = (0,0,0)

E(A,B) = —E(B,A)






E(Al,B)

(D
87




Entrance block and removability

a, € 0E(A,B) &
(ANB) c (0ANJB) # @
Ve>036l <e¢
(A+6)NB =0



Entrance block and contact

Ay € BE(A,B)
—
ANBc (ANJdB) # @



Entrance block and lock

(ANB)c (0ANOB) # @
a,€ int(E(4,B))
(ANB)c (0ANOB) # @

J &> 0,V|6]| < &
(A+8)NB+0



Contact and Locked

N

— |

ANB c (dANdB)

AN

B+0Q




.ao
\I
A
(0ANdB)

E\\\\




ANB c (AN dB)
ANB + @
a, € intE(4,B)



or

Entrance block and distance
ANB =0

(AN B) c (0A N dB).

|4, B| =
min{|lb —a|\Va €A, Vb e B}

|4, B| = min{|x|\ (4 +x) N B # @}.



Basic Theorem
of
Entrance Block



1. Theorem of entrance
ANB =0,
|A,Bl| = ¢ = |ay, E(4,B)| =<
lay, 0 E(A,B)| = «.



Entrance block and distance

lao, E(4, B)|

14, Bl



Entrance block and distance

|A;B|=|aO;E(A; B)l



2. Theorem of exit

int(ANB) =@

|A,B| = —e & —|ay,0 E(A,B)| = —=¢.



3. Theorem of convex block

Block A 1S convex

Block B IS convex
—

E (A4, B) Is convex.






do

A go aO
A . do
E(A, B) A
RN
A A
aol ./ ao N o \4
A /A A A0



4. Theorem of finite covers of
entrance blocks

A 1snd block, n=1, 2, 3
B 1s m d block, m=1, 2, 3
n=m
E(A,B) =ULy E(A(n — k), B(k))
m=n
E(A,B) =U}_o E(A(k), B(m — k))



5. Theorem of finite covers of
entrance surface

A and B are n d blocks, n=2, 3

0E(A,B) cURZ; E(A(n — 1 — k), B(k))



6. Theorem of entrance surface and
solid angle

A and B are nd block, n = 2,3
3 a € int(4,(i)) = int(za),

3 b € int(B,(j)) = int(4b),
E(a,b) € 0E(A,B),
,j<n-—1
= int(AAr(i)) N int(ABS(j)) = Q.



/. Theorem of solid angle contact
A and B are nd block, n = 2,3
,j<n—1,i+j>0
int(é,Ar(i)) N int(ABS(j)) =0 <
4A, (1) N 4B(j)

C (044,(1)) N (04Bs(j)) <
OE (44, (i), 8B5(j)) # @
i=j=0
0E(4A,(0),4B(0)) # ¢ =
int(24,(0)) nint(£B,(0)) = @



8. Theorem of contact of convex solid
angle

A and B are solid angles,
A 1S convex,

int(A) Nint(B) = @ <

int(E(A,B)) N int(4) = Q.



9. Theorem of entrance surface of
convex blocks

A and B are convex
a € int(4,(i)), b € int(B;())).
E(a,b) € 0E(A4,B) &

int(za) Nnint(£b) = Q.
E (A4, B) is convex



2D Entrance Solid Angle
of
Solid Angles



Entrance of local angles




Entrance of local angles




2D Vertex-Edge Contact

a;



Boundary
of
2D entrance solid angle



0E(A,B) c E(0A,0B)

0E(4,B) c E(A(1), B(1))

0E(A,B) c E(A(0),B(1)) U E(A(1), B(0))



Contact 1D solid angles
of
2D convex solid angles



For convex 2D solid angle A, B
0E(A,B) c €(0,1) U C(1,0)

0E(A,B) > €(0,1) U C(1,0)



C(0.1). C(1,0)

E(4e, + e,
n21 (A B)

AN/

E(e, zihz a = E(e, h)
A




B = E(A,B)

fizz.,” | N\J21E(e,sh, +h) P07
E(e,ghy +h) ’/ 7
h, \\
A \\\\\. A m
h = E(e h) 51"11 ; ;.
A
: €(0,1).€(1,0)
e1 e,



hy
2é.h, < 180° : hy 2é,hy = 180° : &,
£8,h, < 180° : &, £8,h, > 180° : h,

1. Angle method of 2D angle-angle entrance



C(0,1) C(1,0)

h -
2 ’—:'4~~\ h1
’ ‘—--
Ud
,/A -
Y3 Aezh;
! V4
) /
] I
|‘ \ Aoy
< B A
\ [/
X |

E(A,B



C(0,1) C(1,0)




hy
&, X hy 11 (0,0,1) : hy &, x hy 11 (0,0,—-1) :é,
&, X hy, 11 (0,0,1) :é, &, X hy, 1 (0,0,—1) : h,

2. Rotation method of 2D angle-angle entrance



Entrance of Two 2D Angles

E(A’ B) ”’,¢4——

‘“

.



3. Dividing line method of 2D ¢
angle-angle entrance -




ﬁll
< h T > 51
B~
_\ \\ HZ
hq 7)1 N22

4. Contact vector method <P
of 2D angle-angle entrance N




> O

5. B-A method of 2D angle -
angle entrance




int(48,8,) N int(£hhy) = @

E(gee;,Tny) =Tn,  + ap =
E(e,4h, + h) c 9E(A, B)
E(1 nyy, 8hihy) =—T 0y + ag =
E(4e;+ e, h) c 0E(A,B)
E(T nlz,éjtlfzz) =—Tny+ ag =
E(4e, + e, h) c 0E(A, B)
E(geie;,Tny,) =Tn,, + ag =
E( e &h, + h) c dE(A, B)

6. Angle and half-plane entrance



A A g

EE. y £4 EE R El
@ "
7 7 W h,
/% 7 7 2 B 7

B

|
!
hy 22 hy

k4

6. Angle and half-plane entrance



For general 2D solid angle A, B
0E(A,B) c €(0,1) U C(1,0)

0E(A,B) > €(0,1) U C(1,0)



C(0,0)




mN22
\ —
N\ A . n12/
- USE y .
h, P— > " ez
e1
Convex: 7Ny =€; X e, Xe; Concave: np; =hy; X hy X hy

777:12:52)(51)(52 ﬁ22=h1Xh2Xh2



Contact Vector
of
2D Parallel Vectors



int(ge.e,) N int(ileflz) =@
—
éx Il hy
E(#é, 4h,) = (4&,) U 4h,
&, M hy
E(#8, 4h,) = (-4&,) U &h,
E(4é, 4h;) =€, = h,



Entrance of two 2D solid angles with e, || ftl

1 e, Il hy

e C(1,1)



Entrance of two 2D solid angles




27 -é,

-&,
>




é = h, B/ T . C(l)l)

> €

A

- E(e,4h;) B e=ay=h E(#eq, h)




_51 A 3 E(ﬁ-el; Ahl) hl
TN (A, B)
h, E(zey, &h,)~ e=ay=h ( )
F fl e - C(1,1

2D angle-angle entrance with parallel vector

A=
h

E(4e,, 4h,) = E(4,B)

_\E(Aez, h) = E(e, Ahz)@ e:aO:h

> €
hZF\E(%Z;h) A i




—
E(#€e, 4h,) = (-4€;) U £hy
(-8,) 1 h,

E(4é,, Zifh) = (-4e;) U (-4¢;)
E(é—éz, Ahl) — _5-52



//////

()’

h
E?(e,é-hz) = E(Aéz,h) A

/ AB
Z

/ e=ag=h
A

C(1,1)



h)
) = E(ze
Zhy

E (e,

)h—z (5—82
4h,) =E
E(e,

C(1,1)



Reference lines of Two 2D Symmetric Angles

Ne/ ///

(«f// «-—V//

y A
‘c(1,1)

| / | /’/



Entrance of Two 2D Symmetric Angles

ey § e,
E(e,84hy)= E(4ey, h)
V.

{ ap=e=nh

A&E(e,AhZ)E(Aez,h)
hy o .y hy
y. .
2 hy ¢ Z v hy







Entrance Round-Corner
Angle
of
Two Round-Corner
Angles



(x—e) ny; =0
(x—e) ' n;, =0

AO=(Tn11+B) n(TTllz‘l‘e)
ﬁ11 'ﬁ11 =1, ﬁ12 'ﬁlz =1

A1 = x —ay| <7y},



Theorem of round corner solid angle
A=FE(A{,A,)

A, = (Tngy + ep)
N (T Nnqio + eO)

eg =e+1 (N1 +n12)/(1+nqq - nyq3)






Theorem of entrance of round corner solid angle
and concave solid angle

B=((Tny,y+h)U(Tny,, +h)

Ny "Ny =1, Mgy MNyy =1
int(T ny; NTny,) Nint(T ny,y UT nyy) = 0
—

E(A,B) = (T nyy + hy) U (T ny, + hy)
hy = h —r (31 + Ny2) /(1 + Npq - Npp)



7

A=E(A,4Az)




E(4,B)




(x—h)'ﬁ2120
(x—h)'ﬁzzzo

BO — (Tn21+h) n(Tlez‘l‘h)
ﬁ21 'ﬁ21 =1, ﬁzz 'ﬁzz =1

B = {lx — ay| £ rp},



A1 = {lx—ap| =m}
B, = {lx—=bo|l =1}

ey = e+ (7211 T 7212)/(1 T 7211 '7212)
ho = h+ 1, (nyg +ny,) /(1 + nyq - Nyy)

A; ={(x — eg) "y, = 0}
N{(x —eg) " ny, = 0}
B, = {(x - ho);ﬁm > 0}
N {(x — hy) - nz; = 0}



B = E(By,B>)







(x —€ep) ny; 20

(x —ey) "nqyy; = 0.

(x —hg) "Ny =0

(x_ hO) 'ﬁzz 2 O



A= E(AliAZ) — AZ + 27 _Al)

B = E(Bl,Bz) — Bz +b0 _Bl'



E (A4, B) iIs the entrance block of a
disk and an angle.

E(A1,By) = {lx —ap| =11 + 1}

E(A,B) = E(E(A4,By),E(4;,B,)).






E(A,B) = E(E(A1,A,),E(By,B,))
= E(By,B;) — E(A1,43) + e
= (B, =By + by) + ey — (4, — A1 + a;)
= (B, — Ay + ey) + (by — By) + (41 — ay)
= FE(A,,B,) — B, +by+ A, —aq
= E(A3, B;) — E(A4,B;1) + by
— E(E(A1»B1)»E(A2»Bz))



P
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2D Entrance Block

of
Blocks



Boundary
of
2D Entrance Block



0E(A,B) c E(0A,0B)

0E(4,B) c E(A(1), B(1))

0E(A,B) c E(A(0),B(1)) U E(A(1), B(0))



A=aq;a; - a, 1a,, a,,1 = a,
B = b1b2 bq—lbq: bq_|_1 — bl'

0E (A, B)
c E(A(0),B(1)) U E(A(1), B(0))



Contact Edge
of
2D Vertex and Edge



Theorem of 2D vertex-vertex contact

E(e,h) € 0E(A,B)

= int(4e) Nnint(ah) = @
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Entrance of Two 2D Angles

A

e

> €(0,1)

//'/hz

v Ny

B A Ny R
h,

v -
h

C(1,0)



2D Vertex-Edge Contact

--====m Ny

? i, A hy
/ C(1,0) \%

e, ;/7////// &,




Contact Edges
of
2D Parallel Edges



Theorem of parallel edge contact

(a;a;q) | (bjbj+1)

da € int(al-al-ﬂ)
ib € lnt(b]b]+1)

E(a, b) = aE(A,B) = mli ) —1712]-



Theorem of parallel edge covers
(a;a; 1) II (b;bjyq)

E(al-aiﬂ, b]) U
E(a;a;11,bji1)



Contact Edges of Two Parallel Edges

a; Ao = S0,0,0) Ait+1

C(1,1) \/







Entrance Block
of
2D Convex Blocks



0E(A,B) c €(0,1) U C(1,0)

If A, B are convex
0E(A,B) o C(0,1)uC(1,0)

0E(A,B) = €(0,1) U C(1,0)



/ /

e e M ————
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do

A go aO
A . do
E(A, B) A
RN
A A
aol ./ ao N o \4
A /A A A0



Entrance Block
of
2D General Blocks



A, B General blocks

0E(A,B) c €(0,1) U C(1,0)



2D Concave Entrance Block
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Entrance 3D Solid Angle

of
3D Solid Angles



Theorem of 3D vertex-vertex contact
E(e,h) € 0E(A,B) =

lnt(é-éléz éu—léu) N
int(é-fllﬁz hv—lhv) — @



A 1S 3D block
B 1s 3D block

E(A B) =

Ui=0 E(A(3 — k), B(k))






-
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Boundary
of
3D Entrance Angle



0E(A,B) c E(0A,0B)

0E(A,B) c E(A(0),B(2)) UE(A(2),B(0))
U E(A(1),B(1))



0E(A,B) c C(0,2)u C(2,00uC(1,1)






Contact of Vertex and Boundary2D Angle




Contact Angle
of

3D Vector
and Vector



Theorem of 3D vector-vector contact

A(4e,. + e) =T ny; NT Ny,
A(ijs h) =Tn,; NT n,,
Ja € int(4e,. + e),b € int(éjts + h)
E(a,b) € 0E(A,B) =
int(Tnyy NTnyp)Nint(Tny,; NTny,) =0




er Il Ny XMNqq
hg T nyy X npq

e?"l p— nll X nlz X TL11
€rp = Nqyp XNy X Ny
hg1 = Nyq X Nyp X Nyq






Contact of 3D Vectors




Contact Condition of Two Vectors




Contact Polygons
of

3D Vertex
and Polygon



Theorem of 3D vertex-polygon contact

3 b € int(byb, - b,_1b,)
E(e,b) € 0E(A, B)
=

lnt(é-éléz éu—léu) N lnt(T mzl) — @



E(e,byb; - b,_1b,)
— ble bq—lbq — e + ao,



Contact of 3D Angle and Face Polygon




3D Vertex-Face Contact




Contact Polygon of 3D Vertex and Polygon




E(ay, byb,bsb,bs)= b;b,b50,0s

C(0,2)






Contact Polygons
of
3D Edge and Edge



Assume the edges of e,. and i_is are convex
e, 1T ny, X Nqq
he M Ty X Tigy
er1 = Nyg X Ny X Nyy
frz =N, X N1 X Ny
hj1 = Npy X Npp X Npg
hey = Npp X Npq X Ny,
gee,. =Tn{; NT nyy
Zhh, =T n,; NT n,,



Theorem of 3D edge-edge contact

da € int(ee,),b € int(hh,)
E(a,b) € 0E(A,B) =

int(Tnyy NTny) Nint(T ny,; NTny,) =0
=

int ((86,16,; +8,) N (8hg1hsy + 1)) = @



Contact of 3D Edge and Edge




3D Edge-Edge Contact




3D Edge-Edge Contact




Vector Edges




Contact Polygon of Two Edges




Contact Polygon of Two Edges

Ait+1

C(1,1)

-€12




E(a,a,, b;by)= (b1-a,+ay, by-a,+a, b,-a,+a, by-a;+ap)

C(1,1)



C(1,1)



C(1,1)

h=e=(0, 0, 0)

Fig 88b



Contact Polygons
of

3D Parallel Edge
and Polygons



Contact of Parallel 3D Edge and Face Polygon




Contact Polygon of Parallel Face Polygon and Edge

. C(1,2)

E(a,,b1b,b3)




Contact Polygon of Parallel Face Polygon and Edge

s €(1,2)

a1= - az a,o a2: - a1



Contact Polygon of Parallel Face Polygon and Edge

bs

N/ e

p

E(alaz,bl




Contact Polygons
of
3D Parallel Polygons



3D Face-Face Parallel Contact

C(2,2)

~
-y
S~




Contact of Parallel Face Polygons

m Ij
|
/

19, b
b, | b,

T———--

/

/

C(2,2)




B | 2 ! A
) " R 7
€(2,2)

Contact of Parallel Faces



E(a,,b) E(a,b) E(a,,b,) E(a,b,)

b, b,
E(a,,b,) E(a,,b,)

E(a,,b,) E(a,b,)
b, b,

E(a,,b,) E(a,,b,)E(a,,b,) E(a,,b;)
_a4 —a1

Contact of
Parallel Faces




b,

E(a,dyasay, bs)

a,

» bz

E(ayas, b3by)
E(ayay, bybs)

E(az, bybghsbd)

Ao

as

Contact of Parallel Faces

as



Contact Polygon of Parallel Face Polygons

E (a4, bibybsby) |E(aq, bibybsby)

by D4
»
b, b3
E (a3, byby;bsby)|E (a,, byb,bsb,) a, as
ay®




Contact Polygon of Parallel Face Polygons

E (by, ayaza3a4) |E(by, ajaza3a,)
by b,

E(Dy, ayazaza,) |E (b3, a1a;a3a4) a, as




Contact Polygon of Parallel Face Polygons

E(a1a4, blbz) E(a1a4, b3 b4_)
by P4
4
b2 b3
E(azag,blbz) E(a2a3,b3b4) a, as




Contact Polygon of Parallel Face Polygons

E(azay, b1by) E(aia;, biby)
by b4
4
b, bs
E(aszaq, byb3) | E(aiaz, bybs) a, as




Ia A
/'\2\
/7
/ \\
/ \\
/
|74 \.
a; as
b3
|
1
|
l B
/'\\
/
/7 \\
/ \\
/7
|74 \.

Contact of Parallel Faces

€(2,2)



Contact of Parallel Faces

E(as, bs3) E(ay, b3)

E(a,, by) E(ay, by)




Contact of
Parallel Faces

E(ali bZ)

E(ay, by) E(ay, by)
a;
e IN
—A
A
a1 v a3



Contact of
Parallel Faces

E(ayas, b3)

E(ayas, by)
E(as, byby)
b,
a,a=, b b
E(a2a3 bl) ( 243, Y1 2)
E(ajyas, b
E(ay, b1by)
a;
_a3 A _al
—A
A
a1 v a3




Contact of Parallel Faces

E(azas, by)




Contact of Parallel Faces




Contact of Parallel Faces




Contact of Parallel Faces




Entrance Block
of
3D Convex Blocks



0E(A,B) c C(0,2)uC(2,0)uC(1,1)

If A and B are convex

0E(A,B) o C(0,2)uC(2,0)uC(1,1)





















A












Entrance Block
of
3D General Blocks



If A and B are general blocks

0E(A,B) c C(0,2)uC(2,0)uC(1,1)





















V.

AN
& X/l/ "//V’I/?I/;




11|










